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Sparse Approach to Simultaneous Analysis and Design of
Geometrically Nonlinear Structures
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The problem of increasing the efficiency of the optimization process for nonlinear structures has been examined
by several authors in the last ten years. One method proposed to improve the efficiency of this process considers
the equilibrium equations as equality constraints of the nonlinear mathematical programming problem. The
efficiency of this method, commonly called simultaneous, as compared to the more traditional approach of
nesting the analysis and design phases, is reexamined in this paper. It is shown that, when projected Lagrangian
methods are used, the simultaneous method is computationally more efficient than the nested, provided the
sparsity of at least the Jacobian matrix is exploited. The basic structure of the Hessian and Jacobian matrices
for geometrically nonlinear behavior of truss structures is given and numerical results are presented for a series
of large problems using both dense and sparse projected Lagrangian methods.

I. Introduction

INDING the optimum design of a structure, even when

its topology and shape are predetermined, may be ex-
ceptionally expensive, especially for structures with a large
number of degrees of freedom and/or elements. The problem
is usually posed in such a way that the objective is to minimize
the total weight or volume of the structure. The variables are
element sizes that may be assigned individually or by groups.
The constraints are usually established in terms of stresses
and displacements, and are, therefore, nonlinear in nature.
The resulting problem is then one of nonlinear mathematical
programming, the solution of which requlres the use of it-
erative techniques.

Conventionally, a structural analy51s is first performed for
some initial guess of the element sizes and its results are used
to update the values of the objective function, the constraints,
and their corresponding derivatives. Using these values, a
search direction is determined with the aid of a nonlinear
optimization algorithm. The search direction is then used to
improve the current design, and the cycle is repeated until
some convergence criterion is met. This approach is usually
called nested and several procedures have been proposed to
improve its performance.' ~* The nonlinear case is particularly
amenable to such an improvement because it is itself an it-
erative process. Wu and Arora,® for instance, use the sensi-
tivity information of the behavior of the structure to provide
a better initial guess for the next nonlinear analysis. Haftka'
has extended this idea to include a linearized behavior of the
structure at early optimization stages.

An alternative view of the overall design process, however,
consists of considering the equilibrium equations of the system
as equality constraints of the mathematical programming
problem, and adding the displacements of the structure to the
set of optimization variables. The resulting approach is usually
termed simultaneous. Within the structural context this al-
ternative was first proposed by Schmit and Fox>¢ and has
been used extensively by many authors in several different
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disciplines.”~ !> Recently, several attractive features of the
approach have been discovered. Smaoui and Schmit'* found
for instance, that the simultaneous approach can effectively
detect elastic instabilities for geometrically nonlinear struc-
tures when used in conjunction with a generalized reduced
gradient algorithm. Also, Bendsoe et al.'> and Ghattas and
Schrader'é have shown that the method can be used to ad-
vantage in topological structural optimization. In the present
work we concentrate on the numerical aspects of the ap-
proach, specifically on its sparsity characteristics.

There are numerous techniques to solve nonlinear math-
ematical programming problems. It is now generally accepted,
however, that projected Lagrangian methods constitute the
most efficient tool to solve this class of problems.!”!® Earlier
techniques required the feasibility of the current approxi-
mation of the solution to be enforced at all times. When
projected Lagrangian methods are used, feasibility of the es-
timate of the solution is only satisfied at the end of the op-
timization process. In a nested formulation, equilibrium is
automatically satisfied at each optimization step because a
complete nonlinear structural analysis is performed each time.
If a simultaneous formulation is used, however, the equilib-
rium requirement need not be satisfied at intermediate op-
timization steps and some savings in computational effort might
be expected from its absence. Unfortunately, the simuita-
neous method results in a much larger optimization problem,
because the sizes of the constraint Jacobian and Lagrangian
Hessian matrices are increased by the number of degrees of
freedom of the structural problem. As a consequence, a dense
projected Lagrangian implementation of this method, as in
previous work,”® requires much more storage and will almost
always be less efficient than the nested approach. In this paper
we describe the sparsity structure of the Jacobian and Hessian
matrices associated with these two approaches and compare
the performance of a sparse implementation of the simulta-
neous approach with that of the nested for optimization of
geometrically nonlinear truss structures.

II. Formulation

For simplicity, only truss-type structures subjected to a
single-load case are considered. Multiple load conditions can
be included in a way similar to that used in Ref. 19 for the
linear case. Generalization to this case, to other sizing optim-
ization problems, and other element types such as beams or
plates is straightforward and will not change the basic struc-
ture of the Hessian and Jacobian matrices.
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A. Nonlinear Truss Elements

The strain energy for a truss element j with constant area
a; and modulus of elasticity E is

= (1/2)Ea;l & (1)
where [ is the length of the element and ¢, its longitudinal

strain. For a three-dimensional truss element, ¢; takes the
form:
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where the y’s represent element nodal coordinates and the
u’s element nodal displacements.
Now, the total strain energy for the truss is

N
1
U= Z > Eajlye? 3)

where N is the total number of elements.
The ith element of the vector of (internal) nodal forces can
be obtained using Castigliano’s first theorem as:

Pfa, u) = = E 2 a,l,s, a 4)

where a and u are the vector of design areas and the vector
of nodal displacements, respectively.

Only the case in which the external forces are constant is
considered here. For a formulation that includes the variation
of these forces with respect to the sizing variables, the inter-
ested reader should see Refs. 2 and 4.

Under the above circumstances the equations of equilib-
rium take the form:

W(a,u) =Pla,u) — F =0 5)

where F is the vector of externally applied loads.

If a Newton-type method is used to solve the nonlinear
system of Eq. (5), its Jacobian will be needed. Because F is
constant, the Jacobian of Eq. (5) with respect to the displace-
ments is simply dP(a, u)/du, which is by definition the tangent
stiffness matrix of the structure. Its components are obtained
by taking the appropriate derivatives in Eq. (4). Each element
(i, k) of this matrix will then be

aP (a, u) Ei (63 ag; L. 63’31 ) ©

ou, Au; ouy, T ou,0u,

Expression (6) was explicitly evaluated at the element level
and the global tangent stiffness matrix assembled for the whole
structure using the direct stiffness method.

B. Nested Approach

Taking the volume as the objective function, the nonlinear
mathematical programming problem for the nested case can
be formulated as follows:

Minimize

n Jk
= 2 <bl\ Z l/)
k=1 j=1

subject to:
ge=0+0.=20
gn=0,—-0=0
go=u—u =0
guUEuU_ uzo
b,=b=b, M

where: m = number of design variables; b, = design area
corresponding to element group k; J, = number of elements
with area b,; o = vector of element stresses; o, = vector of
allowable compressive stresses; o, = vector of allowable ten-
sile stresses; u = vector of nodal displacements; u, and
u, = vectors of displacement lower and upper bounds; b =
vector of design variables (in this case, areas); and b, and
b, = vectors with the values of lower and upper bounds of
the design variables.

1. Jacobian of the Stress Constraints

If we now define g, as a column vector of dimension 2N
with the values of the stress constraints, we can write the
derivative of the constraints with respect to the design vari-
ables (i.e., the Jacobian matrix of the stress constraints) as:

L4

dg ob
by _ 8
il (®)

ab

d0/0b may be found using the chain rule as:

db " b ©)

Now, do;/0u = Ede,/ou and dg;/0u can be obtained from
Eq. (2). It can be easily verified then that do/du is an N X
n sparse matrix of direction cosines of the element axes mul-
tiplied by E/I. Each of its rows has at most six nonzero entries
for space trusses and four for plane trusses. Here [ is the
current length of the truss element and »n is the number of
degrees of freedom after application of the appropriate
boundary conditions.

The equations of equilibrium (5) must now be recast in
terms of the more general variable b.

Wb, u) =Pb,u) — F = 0 (10)

where we have retained the same symbols ¥ and P for the
sake of simplicity.

To find du/6b we take the derivative of the right-hand side
of Eq. (10) with respect to b to obtain:

oP(b, u) + aP(b, u) du
b ou ob

-0 (11)

oP/ob is a sparse n X m matrix whose components are element
nodal forces divided by the corresponding element sizes (m
is the number of element groups; i.e., the number of design
variables). In the absence of element linking; i.e., when
m = N, dP/3b has the same sparsity structure as (9o/0u)” (six
nonzero entries per row in three-dimensions and four nonzero
entries in two dimensions, for truss elements). When m < N,
the kth column of dP/3b is a sum over the contributions of the
elements in size group k. The matrix dP/du is as before the
tangent stiffness matrix of the structure K.
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Equations (11) can now be solved for dw/ob, to obtain
formally

du aP(b, u)
L oy A
ab K =% (12)
and if this result is further substituted in (9) we get
do dor oP(b, u)
— = —— Kyl —2— 13
ab ou T ob (13)

Depending on the order of multiplication of the matrices
in (13), the procedures are referred to as the direct or adjoint
methods in the literature®2! Given the characteristics of the
problems presented here (fewer variables, in general, than
constraints), the so-called direct approach is used. That is,
du/db is computed from Eq. (12) making use of the factored
form of K, and the result substituted in Eq. (9).

Because the inverse of the tangent stiffness matrix is, in
general, fully populated, the Jacobian of the stress constraints
(8) will be dense.

2. Jacobian of the Displacements Constraints

In a manner analogous to that of Sect. II.B.1 the Jacobian
of the displacement constraints can be written as:

du
8. ob
= 14
5. o (14)
ab

where g, represents a vector with the values of all displace-
ments constraints. du/db is available from Eq. (12) and, as in
the case of the stress Jacobian, it will be fully populated.

3. Hessian of the Lagrangian Function

If the optimization technique used involves reduced-
gradient type methods with second order information for the
search direction, or projected or augmented Lagrangian
methods, it is necessary either to use the exact Hessian of the
Lagrangian function if it is available, or to approximate it by
one of the rank-one or rank-two update formulas. The BFGS
update is one of the most popular.”

To examine the structure of this matrix, we first form the
Lagrangian function corresponding to problem (7) and denote
it by L

LA, b) =V — g7TA (15)
where g is a vector with the values of all the active constraints
including those that correspond to the lower and upper bounds

and, A is the corresponding vector of Lagrange multipliers.
The gradient of Eq. (15) with respect to the areas is

LA, b) _ 8V &7

ob ob ab (16)
And the corresponding Hessian
H, = Gy, - 2 \G, (17)

i

where + = number of active constraints; G, = Hessian of the
objective function, which in this case is equal to zero; G, =
Hessian of constraint j; and, A, = Lagrange multiplier cor-
responding to constraint j.

As in the case of the stress and displacement constraints,
H, will be a dense matrix. '

C. Simultaneous Approach

In this case the equilibrium equations (5) are regarded as
equality constraints and the variables of the nonlinear pro-
gramming problem include the areas as well as the displace-
ments of the structure.

The formal optimization problem may be posed as follows:

Minimize

m Jk
V= 2 <bk 2 lf)
k=1 j

-1
subject to:
Pb,u)y — F =0
ge=0+o0.=0
g.=0,—0c=0
X, Sx=xy, (18)

where m = number of design variables; b, = design area
corresponding to group k of elements; J, = number of ele-
ments with area b,; o = vector of element stresses; o, =
vector of allowable compressive stresses; o, = vector of al-
lowable tensile stresses; x, = vector of lower bounds; x, =
vector of upper bounds; x” = [b7 u7]; and the remaining
symbols are as defined before.

It should be noted that the displacement constraints are
represented here as side constraints.

1. Jacobian of the Equilibrium Constraints
The derivative of Eq. (5) with respect to x yields

oW(b, u) | aP(b, u) oP(b, u) (19
ox ob ou )
The matrix aP(b, u)/ob is the same as for the nested case
and P (b, u)/du is again the tangent stiffness matrix K{(b, u).
Therefore, the Jacobian of the equilibrium constraints is

oW(b, u) | aP(b, u)
ox ob

K. (b, u)} (20)

2. Jacobian of the Stress Constraints
Taking the derivative of g, with respect to x we get

bo o
9, g, 0, ob ou
3, _ |98, 08| _ @1
ox b ou Jor dor

ob du

In this case the stresses do not depend on the element sizes
explicitly so: da/ob = 0. On the other hand, the matrix
do/du is as described in section I1.B.2 for the nested approach.

As a consequence, the Jacobian of the stress constraints
can be written as:

do
og u
- = 22
dax do 22)
du
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3. Hessian of the Lagrangian Function

The Lagrangian function corresponding to problem (18)
may be written as:
LA, x) =V = Why — LA, — §1A

1

w - &n (23)
where A, = Lagrange multipliers associated with the equi-
librium constraints; g,. = vector with the values of the active
compressive stress constraints; A,. = Lagrange multipliers
associated with the active compressive stress constraints;
£,., = vector with the values of the active tensile stress con-
straints; A, = Lagrange multipliers associated with the active
tensile stress constraints; é = vector with the values of the
active set of upper and lower bounds constraints; and A, =
Lagrange multipliers associated with é.

Taking into account Eqs. (20) and (22), the gradient of Eq.
(23) is then

P\’
oL _av_ | \5) M

ox ox KTA\F
0 AN\
ac
1 fas\T -(Z)a 24
<Q‘I> (A —A ) <ax> < ( )
ou & &

The Hessian of the Lagrangian function is obtained as the
derivative of Eq. (24)

oK !
S
0 ( o "“')

H = —
S I S
ob " ow Y
0 0
+ 2 (25)
oo
0 EE (A — A

The nonzero structure of (0K, /3b)A, is identical to that of
dP/ab. The nonzero structure of #o/ou*(A,, — A,.) and (3K,/
du)A ¢ is more complex and depends on the number of ele-
ments incident to a given node of the structure. It can be
verified, however, that each column of these two matrices,
say that corresponding to global degree of freedom i, will in
general contain contributions from all the elements that share
degree of freedom i.

III. Sparsity and Storage Characteristics

In this section we discuss the storage requirements of dif-
ferent algorithms for solving the optimization problem when
projected Lagrangian methods are used. A detailed descrip-
tion of the techniques dealt with here may be found in Ref.
17.

In general, a solution to the following system representing
first order optimality conditions is needed at each optimiza-

tion step
H _AT p _ '_
- e

where H is the Hessian of the Lagrangian, A the Jacobian of
the active constraints, p the search direction, A the vector of
Lagrange multipliers, g the gradient of the objective function,
and ¢ the value of the constraints at the current iterate.

The storage required for obtaining a solution to this system
depends on the approach used. If a range space method is

used, the system to be solved can be obtained from Eq. (26)
by block Gaussian elimination

AH'A’A = —AH 'g — ¢ 27

Because the factors of H are required, fill-in may occur and
the sparsity structure of H is not sufficient to predict the
amount of memory needed. On the other hand, if a null space
technique is used, the system to be solved takes the form

Z'HZp. = —Z'(g + HYp,) (28)

where Z is a matrix whose columns form a basis for the null
space of A, Y is a matrix whose columns span the range space
of AT and p, represent the range space portion of the search
direction. The most storage efficient method to solve Eq. (28)
is to compute Z using an orthogonal factorization of A and
store only the information needed for constructing House-
holder matrices. If, in addition, a conjugate gradient algo-
rithm is used, the storage requirements are limited to those
of H and A, because, in this case, it is not necessary to compute
ZTHZ explicitly (which will, in general be a dense matrix),
but rather just the product Z"HZp..

To solve the complete system (26) iteratively by the con-
jugate residual method (the system is indefinite) constitutes
a third alternative to the problem of finding the search di-
rection p. In this case, only the nonzeros of H and A are
needed.

In the remainder of this section we present estimates of the
number of nonzeros of the Hessian and Jacobian matrices for
the simultaneous and nested approaches. Given the diversity
of alternatives that are available to solve the optimization
problem, estimates of the number of nonzero entries are nec-
essarily related to the method used. We have assumed for
comparison purposes a storage scheme consistent with an it-
erative solution of Eqgs. (26). This may not be the most com-
putationally efficient approach but it is certainly the most
storage efficient one, because it requires only the nonzeros
of the Jacobian and Hessian matrices. The following symbols
are used in what follows: n = number of degrees of freedom
of the structure after applying boundary conditions; m =
number of groups of design areas; d = number of degrees of
freedom per element; N = total number of elements; e =
maximum number of elements incident to a node; and b =
semibandwidth of tangent stiffness matrix.

A. Nested Approach

According to the ideas presented in section II.B.1 the Ja-
cobian matrix for the nested approach [see Eq. (8)] is a fully
populated matrix and, therefore, has Nm nonzero elements.
Similarly, from Eq. (17) it is seen that the corresponding
Hessian matrix H, has m> nonzeros.

B. Simultaneous Approach

1. Jacobian of the Equilibrium Constraints

As noted before, dP/db is a sparse matrix composed of sums
of internal nodal forces divided by elemental areas. Its kth
column includes contributions from all the elements belonging
to group k. In the absence of element linking or when the
linked groups do not share any degrees of freedom, the num-
ber of nonzeros is dN. In all other cases dN is an upper bound.

Now, an estimate for the upper bound of the number of
nonzero entries of the tangent stiffness matrix will be the
number of entries in the element stiffness matrices times the
number of elements, that is: @°N. If a direct band solver is
used in the nested case, fill-in will demand the storage of the
complete band, and the estimate would be bn. The estimate
of d>N is valid, however, if an iterative method is used to
solve the equilibrium equations according to our assumption.

2. Jacobian of the Stress Constraints

As described in Section II.B.1 the structure of da/ou is
identical to that of (8P/3b)™ in the absence of linking. As a
consequence, this matrix has also dN nonzero elements.



OROZCO AND GHATTAS: GEOMETRICALLY NONLINEAR STRUCTURES 1881

3. Hessian of the Lagrangian Function

All matrices in Egs. (25) are sparse in nature. Upper bounds
for their number of nonzero entries are as follows:

Ky
o A dN

2
%u%. Ay — A) i n(e + 1) d2

0K
—aul""’ in(e + 1) d2
The number of nonzeros of the main matrices for the si-
multaneous and nested approaches in the context of nonlinear
analysis of reticular plane trusses is summarized in Table 1.
The same estimates of number of nonzeroes, for structures
of the type shown in Fig. 2, are plotted in Fig. 1. It is observed
that the simultaneous method can be dramatically more ef-
ficient in terms of storage when an appropriate algorithm is
used to solve the optimization problem. The crossover point
at which the simultaneous method becomes more efficient is

Table 1 Number of nonzero entries of main matrices

Matrix Nested Simultaneous

K, d’N

IW/ax _ (d*N) + dN

ag,/ox Nm dN

H m? d(ON + n(e + 1)/2)

Total d*N + Nm + m? d(Nd + 4N + n(e + 1)/2)
gm g'm
2 $

g

100000

' 5088

-l

100 200 a0 400 o 300 000 900 1200
A Neswed Number of elements (N) A Nesed Number of elements (N)
O Simsaneouw D Simukanecus
a) b)

Fig. 1 Number of nonzeros: a) no element linkages, b) element.

21 22 23 24

Fig. 2 65-bar plane truss with 40 degrees of freedom.

close to zero when there is no element linking and it moves
to the right when a linking scheme is introduced. It can be
concluded that for very large problems the simultaneous ap-
proach may be the only viable technique based on storage
requirements alone.

IV. Solution Procedures

To demonstrate the efficacy of the simultaneous method
relative to the nested, several structural optimization prob-
lems were solved using well-known and readily available pro-
jected Lagrangian codes: a sequential quadratic programming
{SQP) algorithm available in the IMSL mathematical library
and based on that developed by Schittkowski,' and the
MINOS code for large scale problems.?” The choice of these
codes was motivated by the desire to solve each formulation
as efficiently as possible. The nested formulation produces
dense matrices and highly nonlinear constraints and, there-
fore, an SQP algorithm is most appropriate. The simultaneous
formulation produces large, sparse matrices and mildly non-
linear constraints (inverse of stiffness matrix does not appear
in the constraints). Therefore, a projected Lagrangian algo-
rithm with a general subproblem, such as the one used by
MINOS, should be more efficient.

The SQP routine used does not take into account the spars-
ity of either the Hessian or the Jacobian matrices. As a con-
sequence, the quadratic programming subproblems associated
with the simultaneous method are much larger and more ex-
pensive to solve than those of the nested case. On the other
hand, the MINOS code uses a projected LLagrangian Method
in conjunction with a general subproblem. It includes a num-
ber of features for large-scale, sparse problems. The Jacobian
matrix is represented sparsely in terms of the nonzeros. A
more efficient orthogonal, rather than orthonormal, null space
basis is employed. A sparse LU factorization with a Marko-
witz ordering scheme and Bartels-Golub updates is used to
construct the basis. Dense quasi-Newton updates are also used
to approximate the projected Hessian. MINOS explicitly re-
quires the values and positions of all the nonzero entries of
the Jacobian matrix. Although the sparse nature of the Hes-
sian is not exploited, the results obtained with MINOS provide
useful information about the behavior of the simultaneous
method when its sparse characteristics are considered. Fur-
thermore, exploiting Hessian sparsity might not be beneficial
because it will require the use of second-order information
and a strategy for handling indefinite Hessians in the Newton
algorithm.

V. Numerical Results

Figure 2 illustrates the type of plane truss structures that
were used for the numerical experiments. The number of bays
and stories were adjusted to obtain different numbers of ele-
ments. No element linkages were assumed. The loads and the
initial guesses for the areas were selected according to heu-
ristics based on the number of bays and stories. The perfor-
mance of the two codes compared is particularly sensitive to

- scaling. For the SQP solver, the objective function was mul-

tiplied by 10° for the nested formulation and by 10° for the
simultaneous formulation. These scaling factors were found
empirically to be “optimum”. The same scaling factors were
used with MINOS but, in addition, MINOS “SCALE ALL
VARIABLES” option was utilized.

Although the optimization process was performed for
geometrically nonlinear behavior, the linear displacements
corresponding to the initial guesses of the areas were used
as initial guesses in the simultaneous case. All numerical
tests were performed on a SUN 4-260. Convergence to the
same optimum was achieved in all cases tested. (Only stress
constraints were active at the optimum for all the cases pre-
sented. When displacement constraints are likely to be active
at the solution MINOS experiences serious convergence
difficulties. )
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Table 2 CPU time in seconds
Structure SQP MINQOS
Bays Stories Elements Nested Simultaneous Nested Simultaneous
2 2 18 6 9 15 5
2 3 27 16 36 94 14
2 4 36 48 117 373 36
2 5 45 105 235 525 56
3 S 65 247 745 2783 144
3 6 78 309 1718 6477 255
3 7 91 471 3020 62195 428
3 8 104 1659 5298 — 648
4 7 119 1925 6561 “ 1003
4 8 136 2603 11056 —_— 1755
4 9 153 3593 20055 e 2179
4 10 170 3575 31537 e 3333
5 9 189 5148 39110 —_ 4802
5 10 210 7079 60186 —_— 6545
aStopped after 145,649 s of CPU time.
Table 3 65-bar two-dimensional truss
Init. area, Final area, Init. area, Final area,
Node Fx, kg Elem. cm? cm? Elem. cm? cm?
1 0.0 1 78.26 74.330600 33 7.00 7.000000
2 0.0 2 78.26 7.000000 34 7.00 7.000000
3 0.0 3 78.26 7.000000 35 7.00 7.000000
4 0.0 4 78.26 73.741402 36 7.00 49.908906
5 6063.0 5 56.00 59.870307 37 78.26 14.226423
6 6063.0 6 56.00 7.000000 38 78.26 11.895358
7 6063.0 7 56.00 7.000000 39 56.00 12.291351
8 6063.0 8 56.00 59.248159 40 56.00 39.465457
9 8103.0 9 36.37 41.975502 41 56.00 15.490034
10 8103.0 10 36.37 7.000000 42 36.37 14.393905
11 8103.0 11 36.37 7.000000 43 36.37 12.733977
12 8103.0 12 36.37 41.346744 44 36.37 28.255260
13 10270.0 13 19.80 12.182190 45 19.80 21.000440
14 10270.0 14 19.80 7.000000 46 19.80 10.634048
15 10270.0 15 19.80 7.000000 47 19.80 8.944051
16 10270.0 16 19.80 11.976571 48 7.00 7.000000
17 12550.0 17 7.00 7.000000 49 7.00 10.793100
18 12550.0 18 7.00 7.000000 50 7.00 7.000000
19 12550.0 19 7.00 7.000000 51 7.00 11.769546
20 12550.0 20 7.00 7.000000 52 78.26 14.352652
21 14930.0 21 7.00 7.000000 53 78.26 50.540894
22 14930.0 22 7.00 7.000000 54 56.00 15.376621
23 14930.0 23 7.00 7.000000 55 56.00 39.937279
24 14930.0 24 7.00 7.000000 56 56.00 12.299571
25 7.00 7.000000 57 36.37 28.600646
26 7.00 7.000000 58 36.37 12.644154
27 7.00 7.000000 59 36.37 14.400448
28 7.00 7.000000 60 19.80 8.882500
29 7.00 7.000000 61 19.80 10.609133
30 7.00 7.000000 62 19.80 20.750617
31 7.00 7.000000 63 7.00 7.000000
32 7.00 7.000000 64 7.00 10.679629
65 7.00 7.000000

Table 2 shows the CPU times found for all the plane cases
tested. In general, it can be observed that using MINOS in
conjunction with the simultaneous formulation constitutes the
most efficient approach. Close to the MINOS-simultaneous
performance is the performance of the SQP using the nested
formulation. The data corresponding to these two combina-
tions are plotted in Fig. 3. It is observed that despite the fact
that the simultaneous approach entails the solution of a much
larger problem and the fact that no consideration is made of
the sparsity of the Hessian matrix, the performance of MINOS
is better than the performance of the SQP. The advantage of
the simultaneous implementation is mainly due to the sparse
representation of the Jacobian matrix of the constraints.

The most inefficient behavior is exhibited by MINOS with
the nested formulation, as can be observed in Table 2 and in

Fig. 4. This extremely inefficient performance is due to the
fact that the number of calls to the gradient and function
subroutines in MINOS is approximately one order of mag-
nitude greater than for the SQP. The reason for this is that
MINOS solves a general linearly constrained subproblem;
whereas, SQP solves a much simpler quadratic subproblem.
Because MINOS retains a linear approximation of the con-
straints for a sequence of quadratic approximations of the
Lagrangian function, it is most efficient for linear or nearly
linear constraints. In the nested case, the constraints are highly
nonlinear in the design variables (they involve the inverse of
the tangent stiffness matrix). This nonlinearity, which is rel-
evant to the performance of MINOS, is not to be confused
with the nonlinear behavior of the structure. Even for linearly
behaving structures the constraints in the nested formulation
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are highly nonlinear in the design variables. In contrast, one
of the effects of the simultaneous method is to reduce the
nonlinearity in the constraints.

The CPU times for the SQP solver are plotted in Fig. 5.
This figure illustrates the danger of a dense implementation
of the simultaneous method. Because the sparsity of the Ja-
cobian and Hessian matrices is not taken into account in this
case, the performance of the nested method is superior to
that of the simultaneous (for highly nonlinear problems the
difference in performance will be less prominent).

8

CPU time (hours)
a8
T T

5
T

o
»
1

& ! 1
] 100 150 200

Number of elements (N)

SOP (Nested)
MINOCS (Simukanedus - Spane)

Fig. 3 MINOS-simultaneous vs SQP-nested.

>0

It should be pointed out also that due to the presence of
realistic stress constraints, the nonlinear behavior of the struc-
tures considered in this study was rather mild and each of the
individual analysis required only a few Newton iterations to
converge (typically, 4). It is expected that the greater the
nonlinearity of the structure, the better the performance of
the simultaneous formulation with respect to the nested.

For reproducibility purposes, the data and results for one
of the two-dimensional cases are presented next. The external

4
T

CPU time (hours)
g
1

3
o
T

0.0%

0 100 150
[2 yws Number of elements (N)

Fig. 4 Nested formulation. MINOS vs SQP solver.

Table 4 93-bar three-dimensional truss

Init. area, Final area, Init. area, Final area,

Node Fx, kg Fy, kg Elem. cm? cm? Elem. cm? cm?
1 0000.0 0000.0 1 120.00 82.033283 47 95.00 10.000000
2 0000.0 0000.0 2 120.00 10.000000 48 95.00 10.000000
3 0000.0 0000.0 3 120.00 10.000000 49 95.00 17.689701
4 0000.0 0000.0 4 120.00 64.330464 50 95.00 10.000000
5 0000.0 0000.0 5 120.00 91.751513 51 95.00 57.887765
6 0000.0 0000.0 6 120.00 27.340036 52 95.00 29.388284
7 10000.0 10000.0 7 80.00 43.305745 53 95.00 23.095868
8 10000.0 10000.0 8 80.00 18.944379 54 10.00 10.000000
9 10000.0 10000.0 9 80.00 10.000000 55 10.00 10.000000
10 10000.0 10000.0 10 80.00 34.554565 56 10.00 10.000000
11 10000.0 10000.0 11 80.00 24.976876 57 120.00 10.000000
12 10000.0 10000.0 12 - 80.00 10.000000 58 120.00 13.396639
13 12000.0 12000.0 13 52.00 10.000000 59 120.00 30.916331
14 12000.0 12000.0 14 52.00 10.000000 60 120.00 10.000000
15 12000.0 12000.0 15 52.00 10.000000 61 80.00 10.141965
16 12000.0 12000.0 16 52.00 10.594795 62 80.00 23.099914
17 12000.0 12000.0 17 52.00 10.000000 63 80.00 17.028966
18 12000.0 12000.0 18 52.00 10.000000 64 80.00 18.281911
19 14500.0 14500.0 19 45.00 18.351643 65 80.00 16.520435
20 14500.90 14500.0 20 45.00 10.000000 66 52.00 10.000000
21 14500.0 14500.0 21 45.00 10.000000 67 52.00 22.148549
22 14500.0 14500.0 22 45.00 10.000000 63 52.00 10.856937
23 14500.0 14500.0 23 45.00 10.000000 69 52.00 10.000000
24 14500.0 14500.0 24 45.00 10.000000 70 52.00 23.467372
25 45.00 10.000000 71 45.00 26.407948
26 10.00 10.000000 72 45.00 10.000000
27 10.00 10.000000 73 45.00 10.000000
28 10.00 10.000000 74 45.00 10.000000
29 10.00 10.000000 75 45.00 10.000000
30 10.00 10.000000 76 10.00 16.000000
31 10.00 10.000000 77 10.00 10.000000
32 10.00 10.000000 78 10.00 11.114968
33 10.00 10.000000 79 10.00 10.000000
34 10.00 10.000000 80 10.00 10.000000
35 10.00 10.000000 81 10.00 10.000000
36 10.00 10.000000 82 120.00 10.312769
37 10.00 10.000000 83 120.00 10.000000
38 10.00 10.000000 84 120.00 10.000000
39 10.00 10.000000 85 120.00 10.910837
40 95.00 102.459900 86 80.00 10.000000
41 95.00 10.000000 87 80.00 10.000000
42 95.00 19.827895 88 80.00 12.617150
43 95.00 10.000000 89 80.00 10.000000
44 95.00 10.000000 90 80.00 10.000000
45 95.00 30.607032 91 52.00 10.000000
46 95.00 40.422882 R 52.00 10.000000
93 52.00 10.000000




1884 OROZCO AND GHATTAS: GEOMETRICALLY NONLINEAR STRUCTURES

émoL
[ ]
E
= sof-
>
&
e
sol-
A_J_—,e—e—-—‘e"o
00 a|o 100 80 Elm*
O S0P Nested

X S0P Smutansove Number of elemants (N)
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Fig. 6 Three-dimensional truss with 93 elements and 58 degrees of
freedom.

forces and the individual element sizes are shown in Table 3.
The numbering scheme corresponds to that in Fig. 2.

Main data are:

Three bays, five stories, 65 elements, 24 nodes.

Dimensions: vertical bars: 3.0 m, horizontal bars: 4.0 m,
diagonal bars: 5.0 m

Material: Aluminum = E = 7.0 x 10° kg/cm?.

Allowable compressible stress: 1,700 kg/cm?.

Allowable tensile stress: 1,700 kg/cm?.

Method of solution: MINOS, simultaneous

Degrees of freedom: 40; optimization variables: 105.

Number of constraints: 170

Final volume: 444,039 cm?; CPU time: 144 s

For purposes of completeness a three-dimensional case was
included in the numerical experiments. The corresponding
truss structure is illustrated in Fig. 6. The CPU times found
for this case are the following:

SQP-nested: 372 s

SQP-simultaneous: 2,695 s

MINOS-nested: 15,439 s

MINOS-simultaneous: 490 s

The better performance of the SQP in this case is attributed
to the rather mild nonlinearity of the structural problem and
to the differences in implementation between MINOS and
the SQP solver mentioned above.

The general data for the three-dimensional truss structure
are given next. Element sizes and external forces are pre-
sented in Table 4. The numbering scheme is the one indicated
in Fig. 6.

Main data are:

Three stories, 93 elements, 24 nodes

Support conditions: All degrees of freedom restricted ex-
cept for nodes 2, 3, 4, and 5, which are free to move in the
x direction.

Dimensions: vertical bars: 3.0 m, horizontal bars: 4.0 m,
diagonal bars: 5.0 m

Material: Aluminum = E = 7.0 x 10° kg/cm?
Allowable compressible stress: 1,700 kg/cm?
Allowable tensile stress: 1,700 kg/cm?®

Method of solution: SQP, nested

Degrees of freedom: 58; optimization variables: 151
Number of constraints: 186

Final volume: 685,873 cm?; CPU time: 372 s

VI. Conclusions

Two different approaches to the problem of geometrically
nonlinear structural optimization have been reexamined. The
traditional nested approach requires the solution of the system
of equilibrium equations at each optimization iteration. In
contrast, the simultaneous approach regards the equilibrium
equations as equality constraints and the displacements of the
structure as design variables, allowing simultaneous analysis
and design. For these two methods, the basic structure of the
Jacobian and Hessian matrices in the context of volume min-
imization of geometrically nonlinear behavior of truss struc-
tures has been presented. For the class of problems consid-
ered, it has been shown that exploitation of the sparsity
characteristics of its related matrices is critical to the success
of the simultaneous approach, in terms of both computational
and storage efficiency. In addition, our results indicate that
a sparse implementation of an SQP algorithm may be the
most efficient technique for the solution of large-scale struc-
tural optimization problems, provided that the cost of pro-
ducing a different sparse basis at each iteration does not over-
whelm the superior algorithmic performance of SQP.
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